Projectivity of moment map quotients 

Peter Heinzner and Luca Migliorini 



Let G be a complex reductive group acting algebraically on a complex projective 
variety X . Given a polarisation of X , i.e., an ample G-line bundle L over X, Mumford 
(see [M-F-K]) defined the notion of stability: A point x G X is said to be semistable with 
I respect to L if and only if there exits m G N and an invariant section s : X L"^ such that 
0> ' s{x) 7^ 0. Let X{L) denote the set of semistable points in X, then there is a projective 
variety X[L)//G and a G-invariant surjective algebraic map tt : X{L) X{L)//G such 
that 

Q ' (i) is an afiine map and 

(ii) Ox(L)//G = (7r*Ox(L))^. 

In particular, for an open affine subset U of X{L)//G, it follows that n~^{U) = 
1> . SpecC[f/]*-' where C[U] denotes the coordinate ring of 7V~^{U) and C[C/]'-' is the algebra 
of invariant functions. 
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There is a completely analogous picture for a holomorphic action of a complex re- 
ductive group G on a Kahlerian space X. The role of a polarisation is taken over by a 
I Hamiltonian action of a maximal compact subgroup K of G. Here one considers a maxi- 
I mal compact subgroup K of G, assumes the Kahler structure to be i^T-invariant and that 
there is an equivariant moment map n : X t* with respect to u). In this situation 
^ifJ-) = {x E X; G ■ xH n~^{0) 7^ 0} is called the set of semistable points of X with 
^ '. respect to /i. Here G ■ x denotes the topological closure of the G-orbit through x. The 
following result has been proved in [H-L] (c.f. [S]). 

^ ■ The set X{ii) is open in X and there is a complex space X{^)//G and a G-invariant 

surjective holomorphic map tt : X{fi) — X{fx)//G such that 

(i) 7r is a Stein map and 

(ii) Ox(M)//G = (7r*Ox(^))^. 

In fact there is one more analogy between these two constructions. In the case where 
X is projective, the line bundle L induces a line bundle L on X{L) //G which turns out to 
be ample. In the Kahler case lj induces a Kahlerian structure cD on X{ii)//G. 

A very ample G-line bundle L over X induces a G-equivariant holomorphic embedding 
of X into F{V) where V is the dual vector space of the space of sections T{X, L) and the 
G-action on F{V) is induced by the natural linear G-action on r{X,L). Now one may 
assume the iiT-representation to be unitary and therefore the pull back of the Fubini-Study 
form ujp(^v) to X is a i^T-invariant Kahler form to and the pull back of the natural moment 
map //p(y ) to X gives a moment map fx : X —>■ . In this case, using a result of Kempf-Ness 
(see [K-N]), one checks that X{n) = X{L), i.e., the set of Mumford-semistable subsets of 
X is a subset of the set of momentum-semistable sets (see [K], [N] or sec. 3.). 
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Of course in general a given invariant Kahler form a; on a projective G-manifold X 
may not be integral. Therefore assoziated moment maps are not in an obvous way related 
to G-line bundles. Nevertheless, our goal here is to prove the following 

Semistability Theorem. Let X be a smooth projective variety endowed with a holo- 
morphic action of a complex reductive group G = K'^ , uj a K -invariant Kahler form and 
fx : X ^ t* a K-equivariant moment map. Then there is a very ample G-line bundle L 
over X such that 

X{fj.) = X{L). 



Recently there has been some interest in the question of how X{L) and X{L)//G vary 
in dependence of L (see e.g. [D-W], [T]). The above obviously implies that these results 
extend to the case where /j, is moving. 



1. Mumford quotients 

Let G be a complex reductive group und V a G-representation, i.e., there is given a 
holomorphic homomorphism p : G ^ GL{V). Since G is reductive, it is in fact a linear 
algebraic group and p is an algebraic map (see e.g. [Ch]). Moreover the algebra C[F]*-' of G- 
invariant polynomials is finitely generated. The corresponding affine variety is denoted by 
V//G. The inclusion CfF]'^ ^ induces a polynomial map tt : V ^ V//G which turns 
out to be surjective. Explicitely tt : V ^ V//G can be realized as follows. Let gi, . . . , g/j 
be a set of generators of the algebra C[y]^ and q := (gi,...,gfc). Then Y := qiV) is 
a Zariski-closed subset of C'^ which is isomorphic with V//G. Under this isomorphism 
TT : F — > V//G is given by q. 

Since the group G and the action GxV {g,v) ^ g-v, are algebraic, every G-orbit 

is Zariski-open in its closure. In particular, for every x E G ■ v\G ■ v v^e have dimG ■ x < 
dimG ■ V. This implies that the closure of every G-orbit contains a closed G-orbit which 
may be defined as a G-orbit of smallest dimension in G ■ v. Now G-invariant polynomials 
separate G-invariant Zariski-closed subsets. This can be seen by using integration over a 
maximal compact subgroup K of G. Thus the closed G-orbit in G • v is unique. Moreover 
for v,w E V wG have 7r{v) = 7t{w) if and only if G-vHG-w^^ and this is the case if and 
only if G ■ V and G ■ w contain the same closed orbit. Consequently, if G ■ vq is the closed 
orbit in G ■ V, then n~'^{7r{v)) = {w E V: G ■ vq G G ■ w}. This is often expressed by the 
phrase that the quotient V//G parametrises the closed G-orbits in V. 

Assume now that X is a projective G-variety which is realized as a G-stable Zariski- 
closed subset of ¥(y). In general there is no way to associate to X a quotient X//G 
which has reasonable properties. For example if V is irreducible, then ¥{V) contains a 
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unique G-orbit which is compact. This orbit is the image of a G-orbit through a maximal 
weight-vector in V. Since every G-orbit in F{V) contains a closed G-orbit in its closure, 
the unique compact orbit is contained in the closure of every other G-orbit in P(y). If 
one would try to define a Hausdorff quotient, then every point would have to be identified 
with the points in the unique compact orbit. The resulting quotient would be a point. 

In order to resolve this difficulty Mumford introduced the following procedure (see 
[M-F-K]). Let N be the Null-cone in V, i.e., the fibre through the origin of the quotient 
map TT : V ^ V//G and let p : V \ {0} — > ¥{V) denote the C*-principal bundle which 
defines the projective space F{V). For a subset Y of F{V) let Y := p-^{Y) denote the 
corresponding cone in V. A point x E X is said to be semistable with respect to V if 
X = p~^{x) C X \ N. Let X{V) := p{X \ N) denote the set of semistable points in X 
with respect to the representation V. Thus X{V) is obtained by removing the image of 
the Null-cone from X. 

The cone C{X) := Xu{0} in V over X is a G-stable closed affinc subset of V and N is 
saturated with respect to nv : V ^ V//G. Thus X{V) ■= X\N = C{X) \N is saturated 
with respect to tt^^ : X X//G. In particular there is a quotient tt : X(y) — > X{V)//G 
which is given by restricting Try : F — > V//G to X{y). The C*-action on V defined by 
multiplication commutes with the G-action and stabilises XiV). Thus there is an induced 
C*-action on X{V)//G which can be described explicitly as follows. Let gi, . . . , g/c be a set 
of homogeneous generators of C[y]'-' with degqj = dj. The map q : V ^ C'^ is equivariant 
with respect to C*. More precisely we have q{t ■ v) = (f^^qi^v), . . . ,t'^^qk{v)). Moreover 
qiy \ N) = qiV) \ {0} C \ {0}. Note that C* acts properly on C'^ \ {0}. In particular 
there is a geometrical quotient C*^ \ {0}/C* =: P((ii, . . . , dk) which is a projective variety. 
This implies that X{V)//G := {X{V) //G)/^,* is also a projective variety, since it is a 
Zariski-closed subspace of P(di, . . . , dk)- The map X{V) X{V)//G is C*-invariant and 
induces therefore an algebraic map tt : X(y) — > X{V)//G which is the quotient map for 
the G-action on X{V). 

There is a standard procedure to realize a given G-variety X as a G-stable subvariety 
of some projective space F{V) where F is a G-representation. For this assume that L 
is a very ample line bundle over X and let T{X, L) denote the space of holomorphic 
sections of L. Thus the natural map il : X ^ ¥{V) which is given by evaluation where 
V := r(X, L)* is the dual of r(X, L) is an embedding. Now if the G-action on X lifts to a 
G-action on L, then F is a G-representation in a natural way and il is G-equi variant. The 
set X{L) :— {x e X; s{x) for some invariant section s e T{X, L"^), m e N} coincides 
with X{V) after identifying X with il{X) C ¥{V) and is called the set of semistable points 
of X with respect to the G-line bundle L. Note that X{L) depends on L and on the lifting 
of the G-action to L. 

The following two elementary facts concerning G-actions on line bundles are often 
useful. 



Lemma. Let X be a connected projective G-variety. 
(i) If L is ample, then there is a lifting of the G-action to some positive power L"^ of L. 
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(n) Two liftings of the G -action to L differ by a character ofG. 

Proof. The last statement follows since X is compact and therefore a G-action on the 
trivial bundle X x C = L ^ is given by g ■ (a;, z) = {g ■ x, xig)^) where x '■ G ^ C* is 
a character of G. 

For the first statement one may assume that G acts effectively. Since G is connected 
the induced action on Pic(X) is trivial. This implies that there is a subgroup G of the 
automorphism group of L and an exact sequence of the form 

1^C*^G^G^1 

where a is given by restricting g E G to the zero section X ^ L. This sequence splits after 
replacing G by a finite covering. Hence the G-action on X lifts to L'^ for some positive 
m. □ 



2. Moment map quotients 



Let G be a complex reductive group which acts holomorphically on a complex manifold 
X. Now choose a maximal compact subgroup of G and let a; be a iiT-invariant Kahler 
form on X . By definition the iC-action on X is said to be Hamiltonian with moment map 
fi if there is given an equivariant smooth map // from X into the dual t* of the Lie algebra 
t oi K such that 

(*) d/^^ = Hx^ 

for all C e €. Here denotes the vector field on X associated with ^, //^ = /i(^) and i^^u) is 
the one form i] ^{^x, v)- Note that for a connected manifold X an equivariant moment 
map is uniquely defined by (*) up to a constant in which lies in the set of fixed points. 
In particular, if the group K is semisimple then an equivariant moment map is unique. 
Moreover in the semisimple case it can be shown that fi exists for a given JC-invariant 
Kahler form oj (see e.g. [G-S]) 

Example. Let p : X ^ M.he a smooth iiT-invariant function, uj := 2idd p and lei p : X 
be the associated X-equivariant map which is defined by /x^ = dp{J^x)- Here J denotes 
the complex structure tensor on X. A direct calculation shows that dp^^ = i^x'^ holds for 
every ^ G t. In particular, if p is strictly plurisubharmonic, i.e., u is Kahler, then is a 
moment map. We refer to =: //^ as the moment map given by p. 

Similar to the case of an ample G-line bundle there is a notion of semistability with respect 
to p.. A point X E X is said to be semistable with respect to p.ii G ■ xC} A*~^(0) 7^ 0- Let 
X{p) denote the set of semistable points with respect to p.. 

The following is proved in [H-L] (see also [S] ) . 
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Theorem 1. The set of semistable points X{fi) is open in X and the semistahle quotient 
TT : X{ii) X{fx)//G exists. The inclusion fi~^{0) ^ X{fj,) induces a homeomorphism 
,,-'{0)/K^X{fx)//G. □ 

By a semistable quotient of a complex space Z (see [H-M-P] for more details) endowed 
with a holomorphic action of G we mean a complex space Z// G together with a G-invariant 

surjective map n : Z ^ Z//G such that: 

(i) The structure sheaf Oz//g is given by (tv^.Oz)''', i-c, the holomorphic functions on 
an open subset of Z// G are exactly the invariant holomorphic functions on its inverse 
image in Z. 

(ii) The map tt : Z — > Z//G is a Stein map, i.e., the inverse image of a Stein subspace of 
Z//G is a Stein subspace of Z. 

In [H-H-L] it is shown that each point q e X[ijl)//G has an open neighborhood Q such 
that uj = 2iddp on 7r~^{Q) for some i^-invariant smooth function p. Furthermore, the 
moment map ji restricted to 7r~^{Q) is given by p, i.e., p, = p^. A result of Azad and Loeb 
(see [A-L]) asserts that p is an exhaustion on G ■ x if x G p~^{0), i.e., is bounded from 
below and proper. In particular G -x is closed in X{p) for every x G p~^{0). The converse 
is also true in the following sense. If G • x is closed in X{p), then p{g ■ x) — for some 
g E G. Furthermore in [H-H] it is shown that the restriction of p to each fibre over Q is an 
exhaustion, i.e., is bounded from below and proper. This Exhaustion Lemma and also a 
refinement of it (see sec. 6) will be used several times in the remainder of this paper. For 
example, it implies the following (see [H-H]). 

Theorem 2. Let X be a compact complex manifold with a holomorphic G-action and let 

p : X ^ t* be a moment map with respect to a K -invariant Kdhler form uo. Let u be a 
K-invariant Kdhler form on X which lies in the cohomology class ofu>. Then there exists 
a moment map p : X ^ t* with respect to uj such that 

X{p) = X{p) . 



Proof. We recall the argument given in [H-H]. Since Co is cohomologous to u) and X is a 
compact Kahler manifold, there exists a differentiable JC-invariant function / : X — > R 
so that uj = uj + 2iddf. Define p^ : X ^ I* hy p-^ = J^x{f) for ^ G Liei^ and set 
p = p + p-^ . Then /i is a moment map with respect to Cj. For every x G X(p) there exists a 
strictly plurisubharmonic i^-invariant function p : Z ^ M., where Z := G ■ xr\X{p), so that 
p\Z = pP, where p^ is the moment map associated to p (see [H-H-L]). Since Znp~^{0) ^ 0, 
the above mentioned Exhaustion Lemma implies that p : Z — > IR is an exhaustion. Now 
/ attains its minimum and maximum on X and p is an exhaustion. Hence the strictly 



5 



plurisubharmonic K-invariant function p := p + / is also an exhaustion on Z. This shows 
that Z C X{p,), i.e., X{iJ,) C X{p). By symmetry we have X{ii) = X{jx). □ 

If G is a connected semisimple Lie group, then a moment map with respect to a K- 
invariant Kahler u) always exists and is unique. Thus in this case Theorem 2 shows that 
X[iJi) depends only on the cohomology class of u). 



3. Moment maps associated to representations 



Let y be a G-representation whose restriction to the maximal compact subgroup i^T of G is 
unitary with Hermitian inner product < , >. Then p : 1/ ^ R, p{z) = ^| 1^1 p = | < 2, 2 >, 
is a i^'-invariant strictly plurisubharmonic exhaustion function on V and consequently 
V = V^(p) where p : F — > 6*, p^(2;) = i < ^z, z >= dp{J^z) is the moment map associated 
with p. The Kahler form ujy = '2idd p is given by u;viv,w) = — Im < v,w >. Since in 
this case the restriction of p to every 7r-fibre is an exhaustion, we have V{p) = V and the 
inclusion p~^{0) ^ V induces a homeomorphism p~^{0) = V//G (see sec. 2 Theorem 1). 
The essential part of this statement has already been proved in [K-N]. 

Let S := S{V) :— {z G V; ||^|| = 1} denote the unit sphere in V. Note that S is 
a co-isotropic submanifold of V with respect to cjy, i.e., {TzS)-^'^v = Tz{S^ ■ z) C T^S 
where the circle group S'^ = {AgC; |A| = 1} acts on V by multiplication. This is easily 
seen by using the orthogonal decomposition T^V = Tz{C*z) © W where W := T^S H iT^S 
denotes the complex tangent space of at z. The complex structure on W induces the 
standard complex structure on P(y) = S{V)/S^. Moreover since S is co-isotropic, there 
is a unique symplectic structure Ui)-p{y) on P(l^) such that i*sP*Oi}^{y) = i'%ijJv- Here p : 
{V\{0}) {V\{0})/C* = F{V) denotes the quotient map andis : S is the inclusion. 
Furthermore, the definition of the complex structure and of Wp(\/) are compatible so that 
u)p(^v) is in fact a Kahler form on F(y). Up to a positive constant it is the unique Kahler 
form on F{V) which is invariant with respect to the unitary group U(V). Note that u)p(^v) 
is determined by p*ujf.(^v) = '^iddlogp = 2i{—-^dp Adp+ ^ddp). 

The induced K-action on ¥{V) is again Hamiltonian. The mo ment m ap is given by 
{l^w{v))d[^]) = f nfffP = ^^^^ p{z){J^z)- In particular we have G-[z\n Pp(V)(0) 
if and only if G ■ z H ^"""^(0) ^ and this is the case if and only if f{z) ^ for some 
G-invariant homogeneous polynomial f oivV . 

Now let X be a G-stable subvariety of P(y). The pull back of wp^y) to X induces a 
Kahlerian structure a; on X und the i^-action is Hamiltonian with moment map p : X — > 
P, p = pp(v')|-^. We call p the standard moment map induced by the embedding into 
P(F). The above construction shows the following well known 

Lemma. Let L he a very ample G-line bundle over X and consider X as a G-stable 
subvariety on F{V) where the embedding is given by T{X, L) and V = T{X, L)*. Then 

X(p) = X{L) , 
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i.e., the semistable points with respect to the standard moment map on ¥{V) are the 
semistable points with respect to L. □ 



4. The main result 



Let G be a connected complex reductive group and K a maximal compact subgroup of G, 
i.e., G — K'^. By a G- variety we mean in the following an algebraic variety together with 
an algebraic action of G. 

Let X be a smooth projective G- variety and uj a i^-invariant Kahler form on X. 
Assume that the i^-action is Hamiltonian with respect to i.e., there is a -ftT-equivariant 
moment map ^ : X ^ , and denote by X{ii) := {x G X; G ■ xC\ /i~^(0) ^ 0} the set of 
semistable points with respect to ji. 

Semistability Theorem. There is a very ample G-line bundle L over X such that 

X{fi)=X{L). 



Here X{L) denotes the set of semistable points in X in the sense of Mumford, i.e., X[L) = 
{x & X; s{x) 7^ for some G-invariant holomorphic section s of L"^, m G N}. 

The case where uj is assumed to be integral is well known and follows rather directly 
from the definitions using standard Kempf-Ness type arguments. In fact it is a consequence 
of Theorem 2 of sec. 2 and the Lemma in sec. 3. 

The proof in the general case is divided into two steps. In the first part we consider 
forms u whose cohomology class [a;] is contained in the M-linear span of the ample cone 
in H^'^{X). The second part of the proof is more involved. It is a reduction procedure to 

the first case. 

At least implicitly (see e.g. [D-W], [K], [N]) the ample cone case seems to be known. 
In order to be complete we include a proof in the next paragraph. 



5. The ample cone case 

In this section G is a connected complex reductive group with a fixed maximal compact 
subgroup K and X is a smooth projective G-variety. Let a; be a i^-invariant Kahler form 
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and assume that there is an equivariant moment map : X — > * . In this section we proof 
the following 



Proposition. Assume that the cohomology class of uo lies in the real linear span of the 
ample cone in H^'^{X). Then there exists a very ample G-line bundle L over X such that 

x{^i) = x{L) . 



Proof. Since X{ii) essentially depends only on the cohomology class of to (see sec. 2 
Theorem 2), we may assume that there are equivariant holomorphic embeddings ij^ : X ^ 
P(Vfc), A; = 1, . . . , m, so that 

where are positive real numbers. 

Leti:X^ P(Vi) x • • • x ¥{Vm) be the diagonal embedding. Then 

where tt^ : P(Vi) x ■ ■ ■ x ¥{Vm) — > ^(V/c) denotes the projection. Hence the moment map fj, 
is the restriction of a moment map on P(Vi) x • • • x P(F^) with respect to J2 '^k'^w{Vk) 
which also will be denoted by fi. Since X is closed in P(Vi) x • • • x P(V^), we have 

x{fx) = (P(Vi) X • • • X nvm)){fi) n X . 

Thus for the proof of the proposition we may assume that X = P(Vi) x • • • x P(V^), oj = 
X] cbk '^k'^w{Vk) the G-action is given by a representation G — > GL(Vi) x • • • x GL(V^). 

Let T be a maximal compact torus in K. Then T*^ is a maximal algebraic torus in G. 
We now reduce the proof of the proposition to the case where G = T''^ as follows. 

Let fiT X ^ i* he the moment map for the T-action which is induced by and the 
embedding t ^ fi. Then it follows that 

fl k-X{i^T) 

k€K 

by the Hilbert Lemma version in [K] (sec. 8.8.). Thus it is sufficient to show the following 
Claim. There exists a very ample G-line bundle L over X = P(Vi) x • • • x ¥{Vm) such that 

X{fiT) = X{Lt) 
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where X{Lt) denotes the set of semistable points with respect to L if one considers L as 
a T^-bundle. 

The proposition follows from the above claim, since 

In order to prove the claim one may proceed as follows. 

Let S = Si X • • • X Sm be the maximal torus in GL(yi) x • • • x GL(V^^) which contains 
the image of T and ynfc : P(Vfc) — > s^. the standard moment map on P(V)c)- We will consider 
fik as a moment map with respect to 5" = S*! x ■ ■ ■ x Sm where the factors of S different 
from Sk act trivially on X = P(Vi) x • • • x P(V^). Since u> = ^akUJw>(Vk)j ^^e moment 
map : X — > t* is given by 

11 = aiiii-{ \-aml^m + c 

where c G t* and fik now denotes the map from X to t* which is given by '■ X s* 
composed with the dual of t — > 5. Now if dk and are positive rational numbers and c 
is rational, then p, := Si /xi + • • • + dm /Xfe + c is a moment map with respect to uj := 
^ a/c 7r|a;p(Vj.)- Since dk and c are rational, it follows that there is a very ample G-line 
bundle L over X such that X{L) = X{jl). Thus we have to show the following 

There exists dk and c such that X{fi) = X{jx). 

This statement follows from convexity properties of /x as follows. Since T is compact, 
the set of T-fixed points in X is smooth. Let X'^ = Uj^jFj be the decomposition into 
connected components. Note that /j, is constant on every Fj, j e J. For a set J let V{J) be 
the set of subsets of J. We say that C e V{J) is /x-semistable if e Conv{/i(Fj); j e £} 
where Conv denotes the convex hull operation in t*. Let Xc '■= {x G X; ■ x (1 Fj ^ 
for aU j eC}. Since //(T^ • x) = Cony {ii{Fj); T^-xH Fj ^ 0} (see [A]), it follows that 

X{i,)=[jXc. 

Here the union is taken over the elements JC of V{J) which are /x-semistable. For a given 
denote by /(//) the set of //-semistable subsets of J. Wc show now that if a collection of 
subsets is of the form /(//), then = for some positive rational dk and rational c. 

In order to see this, let Akj := {fik{Fj) G t*. Note that Akj are integral points in t*. 
A subset / C V{ J) is of the form I{p) if and only if there exist positive real numbers 
and c G t* such that for all C G V{J) the following holds. 

G Conv {5^^ OfeA/sj -he; j E C} if and only if £ G /. 
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This condition is equivalent to a collection of linear inequalities with integral coefficients 
in the unknowns a^'s and c which have a real solution if and only if they have a rational 
one. □ 



6. Cohomologous Kahler forms on orbits 

In this section let G be a connected complex reductive group with maximal compact 
subgroup K and let X = G • xq be a G-homogeneous manifold. We assume that there are 
given invariant Kahler forms a;-', j = 0, 1, on X which are cohomologous and set 

= (l-t)a;° + ta;S te [0,1]. 

Moreover, assume that there are K-equi variant moment maps 

: X ^ r , t e [0, 1] 

with respect to a;* such that the dependence on t is continuous. 

Remark. We have //* = (1 — t) /u'^ + t + c* where c* G 3* is a constant. Here 3 is the Lie 
algebra of the center of K. The goal of this section is to obtain some control about the 
semistable set if t varies. 

Lemma. // M^" ^ for some to e [0, 1], then cu* = 2iddp^ where p* = (1 — t) + 1 
and p^ : X ^ M., j = 0,1, are K -invariant smooth functions. 

Proof. Since ^ 0, the orbit X = G ■ xq is a, Stein manifold (see e.g. [H] or [H-H-L]). 
Now u)^ and iv^ are assumed to be cohomologous. Thus there is a i^-invariant smooth 
function u : X ^ M. such that lo^ — lo^ — 2iddu. On the other hand = 2idd f for 
some K-invariant smooth function / : X — > IR (see sec. 2 and [H-H-L]). Thus a;* = 2idd p^ 
where p^ := u — tof and p^ := u+ {1 — to)/- D 

Now let Z denote the connected component of the identity of the center of K and let S 
be a semisimple factor of K. Thus K = S ■ Z and t = s (B ^ on the level of Lie algebras. 
Let (resp. /U^) be the moment map with respect to the S'-action (resp. Z-action), i.e., 
the composition of /U* with the dual of the inclusion 3 ^ t (resp. 3 ^ t). We also set 
:= (/x*)-i(0), := {l^'sr'iQ) and = {^i'z)-\0). 

Proposition. //M^° and if the set X(/i^) of Z'^- semistable points is independent oft, 
then there are pluriharmonic K -invariant functions /i* : X — > M which depend continuously 
on t such that 
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Proof. It follows from the definition of a moment map that it is unique up to a constant. 
Thus pP = /U* + c* where c* is a i^-invariant constant, i.e., c* G 3*. 

The proof of the Proposition will be reduced to the case of a compact Abelian group 
T ^ (5^)^. In this situation we have ^ (C*)'= and t = LieT ^ R'^. Moreover, for 

any c* e t*, c* = {c\, . . . , c^), the function h^{zi, . . .,Zk) = c\ log |2;i| + h c| log l^fcl is 

pluriharmonic on T'^ and satisfies = c*. 

Let G and set L := Kj;^. Then we have the following orthogonal decomposition 
of the Lie algebra t. 

t = te3L ©s 

where 3l := 3 ^ (s + [), 3 = t® 3l and 5 + [ = s ® Jl- 

Note that 3 is the Lie algebra of the group K/S and s + [ is the Lie algebra of the 
subgroup 5" ■ L of i^. Since K is connected K/SL = {K/S)/{SL/S) =: T is a compact 
connected Abelian group. Hence we have T = (S^)'' and LieT = (t/s)/((s + Q/s) = 3/3^ = 
t. Now identify t = F, i.e., we have the orthogonal splitting 

= t* ® 3^ ® s* . 



Claim, c* e t* . 

For the proof let xq G be given and note that Z'^ ■ xq is closed in = 
Thus there are xt G Z'^ -xq such that jJi%{xt) = 0. In particular we have c* = ji^ {xt)- Now 
let ^ = r + A + cr, where r G t, A G 3l and cr G 5. Then, since the moment map is unique 
for a semisimple Lie group, it follows that 

Q=iii{xt) ^pi{xt) . 

For A G 3l we have A = Ag + A^ for some A5 G s and A^ G I and [A, A_l] =0. Thus, using 
the fact that xt is an L^-fixed point, we have 

exp isX ■ Xt = exp isX • exp isXi ■ xt — exp isXs ■ xt ■ 

This implies 

p*(exp isXs ■ Xt) 
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Since ^ ^ 

{xt) = fi^ {xt) + ti{ {xt) + /i^ {xt) = fi^ {xt) , 

this implies the claim. 

Now, as we already observed, on there exists a pluriharmonic function /i* : T*^ — > M 
such that fJ"' = c* := ijp\xt) G t*. Since = {K^ / S^) / {S^ L"^ [S^) = K^/S^L^, the 
natural map q : K'^/L'^ — > is i^T^-equi variant. Thus := /i* o g is a i^-invariant 
pluriharmonic function on X = K'^/L'^ such that fi^{xt) = c*. Therefore p^ — h^ is a smooth 
i^-invariant function such that u>^ = 2idd {p* — h^) and, since p,^{xt) = ~^\xt) = and 
X is connected, = p,f ~^ . □ 



7. Action of a torus 



Let T = ((S^)"^ be a torus and X a complex projective manifold with an algebraic action 
of the complexified torus T'^ = (C*)"^. Let be T-in variant Kahler forms on X with 
moment maps //^ : X — > t. 

Wc say that w° and oj^ arc cohomologous on the closure F of a T^-orbit in X if there 
is a T^-equivariant projective dcsingularization p -.Y such that the pull back of the 

forms to Y are cohomologous, i.e., such that p*uj^ — p*u^ = 2idd f for some T-invariant 
smooth function / : X ^ M. 

For t e [0, 1] we set (1 - t) + t and p,^ := {1 - t) p,^ + t p,^ . Note that /x* is 

a moment map with respect to a;* and that a;* and are cohomologous on the closure of 
every T^-^-orbit in X is this is the case for and oj^. 

Proposition. Ifuj^ and lo^ are cohomologous on the closure of every T'^- orbit in X , then 
there is a constant c* e t* depending continuously on t such that 

X{^^^)=X{^^' + c'). 



For the proof of the Proposition we consider first the case where T = S , i.e., we fix 
a one dimensional subtorus = {exp z^; z G M} where ^ is chosen to be a generator 
of the kernel of the one-parameter group z exp z^. With respect to this 5'^-action 
let X^ — UFa be the decomposition of the set of .S^-fixed points of X into connected 
components. The set of these components is endowed with a partial order relation which 
is generated by Fq, < Fp. Here we set F^ < Fp if and only there is a point x & X such 
that lim z ■ x & F^ and lim z ■ x e Fa where z e C* = (S^)'^. 
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Let /i| : X — > M where fj}^ = (/i* , denote the moment map with respect to the given 
S'-'^-action. Since = i^^x^^^i moment map //| is constant on every Fq,. 

Lemma. < F^, then i^^iFa) - i^1{Fp) = ii\{F^) - ii\{Fp). 

Proof. Let xq & X he such that hm z ■ xq & F^^ and hm z ■ xq G Fq. We may assume 

2— >0 2^00 

that the map C* C* ■ xq, 2 — > 2; • is an isomorphism and extends to a holomorphic 
map h : Pi(C) X with 6(0) = Xq, and h{oo) = xp. 

Now since by assumption the pull back of rj := a;* —u^ to the desingularization Pi(C) 
of C* • Xo is cohomologous to zero we have 

-I " 

JC*-xo 

= I HxV 

JR+-XO 




Here ■ xq denotes the := {2; e R; 2; > 0}-orbit through xq. 

□ 

Remark. Implicitly we used that under the above assumption u>^ and uj^ are cohomologous 
on the normalisation of C* ■ xq. 

Proof of the Proposition. The above Lemma implies that there is a constant c* e t* 
depending continuously on t such that /jP and p,* := /i* + c* assu me the s ame values on 
every component of the set X'^ of T-fixed points in X. Since jj^{T'^ ■ x)) is the convex 
hull of the images of where Fa n TC . X ^ (see [A]) it follows that X(//°) = {x e 

X; e iJ,^{T^-x))} = {xeX; G f^i^T^ ■ x))} = X(/2*). □ 



8. Action of a semisimple group 

Let G be a connected complex semisimple Lie group with maximal compact subgroup K 
and X a projective manifold with an algebraic G-action. As in the last section we say that 
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two given closed forms oj and oj^ are cohomologous on the closure F of a G-orbit in X if 
there is a G-equi variant desingularization p : Y ^ Y such that p*oj^ — p*oj^ = 2iddf for 
some smooth function f : Y ^ M.. 

Proposition. Let u>^ : X ^ t* , j = 0,1, be two K -invariant Kdhler forms on X which are 
cohomologous on every G-orbit closure and let fx^ be the unique moment map with respect 
to u>^ . Then 

X(/)=X(/). 



Proof. For x G {ijP)~^{0) set Y := G-x and let p : y ^ y an equivariant resolution 
of singularities such that p*LV^ — p*uj^ = 2iddf for a smooth X-invariant function /. In 
particular / is bounded on G-x. 

Since G ■ x is closed in X{iJ,^) it follows from the exhaustion lemma that iJ,^\G ■ x = //^ 
for some K-invariant plurisubharmonic exhaustion function p : G • x ^ M. 

Therefore p + / is likewise an exhaustion and in particular has a minimum on G • x. 
Since /j,^ is unique, we have /j,^ = /jP + fi^ = ji'^'^^ . Thus X{ji^) C X{ji^) and the reverse 
inclusion follows by symmetry. □ 



9. Reduction to Levi factors 

Let G be a connected complex reductive group with maximal compact subgroup K and let 
X be a compact connected manifold endowed with a holomorphic action of G. We assume 
that there are given iiT-in variant Kahler forms a;-' , j = 0, 1, on X which are cohomologous 
on any G-orbit and set 

a;* = {l-t)uj^ + tuj^ , te [0,1]. 
Moreover, assume that there are K-equi variant moment maps 

iJ :x ^r, te[0,l] 

with respect to u;* which depend continuously on t. We set Mj^ := {p^)~^{0). 

Let Z be the center of K and S the semisimple part of K, i.e., K — Z ■ S where Z n 5' 
is a finite group and assume the following condition: 

(*) -^(a*z) is independent of t e [0, 1] . 

Lemma 1. Assume the condition (*) and for xq & X let il :— G ■ xq. Then, for t e [0, 1], 

n 
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is an open condition. 

Proof. Let to E [0, 1] be such that n O 7^ 0. It follows that there exists a smooth curve 
of X-invariant smooth functions so that = 2iddT^ and //* = /j,^ on O,. Furthermore, 
since n O 7^ 0, it follows that p*° is an exhaustion of f2. For t near to the function p* 
has the same convexity properties as p*° and is therefore likewise an exhaustion (see [H-H] , 
proof of Lemma 2 in sec. 2). The points where it has its minimum are those in Mj^ fl fl. 
□ 

Lemma 2. Assume the condition (*) and for xo & X let Q := G ■ xo. Then, for t e [0, 1], 

n n ^ 

is a closed condition. 

Proof. We have to show that Mj^ HQ ^0 fort < to implies fl 7^ 0. 

Since /i^ depends continuously on t and X is compact, it follows that r\G ■ xo ^ 
Let yo e Mj^. If G-j/o then, by Lemma 1 for t near to we have that Mj^OG ■ xq C G-yo- 
However the intersection of Ml with G ■ xq consist of precisely one i^-orbit, which would 
be contrary to Mj^ n O, also being non-empty. □ 

Proposition. Assume that condition (*) is fulfilled. Then X(p^) does not depend on 

[0,1]. 

Proof. Let x e and Q := G x. From the above two Lemma it follows that Mj^HQ 7^ 
for all t. Thus, the condition that is a closed G-orbit in X(p^) is satisfied for some t if 
and only if this is the case for alH. □ 



10. Proof of the Semistability Theorem 

For the proof of the Semistability Theorem we need to associate to a given Kahler form 
one whose cohomology class lies in the real span of the ample cone, (sec [M], §3). Let X 
be a smooth projective variety and denote hy H E {X, Q) the cohomology class of a 
hyperplane section. 

Let Ci be the subspace of the second rational homology group H2 (X, Q) which is 
spanned by the images of closed analytic curves and Cn-i the subspace of H'^{X,Q) 
spanned by divisors, or, what is the same, Chern classes of holomorphic line bundles. 

Lemma 1. The pairing Ci x Cn-i — > ^ which is induced by associating to a line bundle 
L and a curve C the intersection number L • C := deg Lc is perfect. 
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Proof. The result is well known for surfaces. Let 5 be a generic intersection of n — 

2 hypcrplanc sections. If a divisor D is numerically trivial its restriction Ds to 5" is 
numerically trivial as well and therefore its co homology class in H'^(S,Q) is zero. By 
the Lefschetz hyperplane sections theorem the restriction map H'^{X, Q) — > H'^iS, Q) is 
injective and therefore the cohomology class of D is zero. Let now C be a numerically 
trivial 1-cycle on X. By the Hard Lefschetz theorem there is a divisor D such that C is 
homologous to H'^-'^D. If 7 = H'^-^V is another 1-cycle D ■ = D ■ H'^-'^ . r = C ■ T = 
so that D is numerically trivial and homologous to zero, and therefore C is homologous to 
zero. □ 

Lemma 2. Let uj be a Kdhler form on X . Then there exist a Kdhler form u) whose 
cohomology class [a;] lies in the span of the ample cone such that 




holds for all one- dimensional analytic cycles C. 

Proof. Consider the linear map A : Ci — > M, A(C) = jc^i by A(C) = jc^- 

Lemma 1 there is a class D in Cn-i such that A(C) = D ■ C for all 1-cycles C. Since D is 
a divisor, the cohomology class of D lies in the span of the ample cone. 

As a consequence of the Kleiman ampleness criterion the cohomology class of D con- 
tains a Kahler form uj. 

□ 

Lemma 3. Let Y be a connected smooth projective variety and assume that G has an open 
orbit on Y . Then there are no non-zero holomorphic p-forms on Y forp > 1. 

Proof. For ^ e B let denote the corresponding holomorphic vector field on Y. The 
complex one-parameter subgroup of G which is generated by ^ has a fixed point on Y. This 
is seen most easily by considering the closure of this group in G which is an algebraic torus 
and then an induction argument shows that every algebraic torus action on a projective 
variety has a fixed point. 

Now let q; be a holomorphic p-form on Y and zq a point in the open G-orbit. For 
E t, j = 1, . . . ,pthe holomorphic function a{^iY, ■ ■ ■ , Cpv) is constant on Y and therefore 
identically zero. Since {Cy{zo)', ^ G span the complex tangent space at zq, it follows 
that a is zero on the open G-orbit. Hence a is identically zero on Y. □ 

Under the same assumption on Y as in the above Lemma we have the following 

Corollary. If a is a smooth closed (1, l)-form on Y such that J^a = for every one- 
dimensional analytic cycle C , then a = 2idd f for some smooth function / : y — > R. 
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Proof. This follows from Lemma 3 since ii^''^{Y) = B.^{Y,C) = B.^{Y,Z) ® C holds (see 
the proof of Lemma 2). □ 



Lemma 4. If the K- action on X is Hamiltonian with respect to the K -invariant Kdhler 
form CO, then it is also Hamiltonian with respect to any other K -invariant Kdhler form ui. 

Proof. Since X is algebraic and the K'^'-action on X is assumed to be algebraic, every 
one-parameter subgroup t — > exp t^, t e IR, ^ e t, has a fixed point in X. Using the 
Hodge decomposition (see [F]) one sees that to every ^ E t there exist a corresponding 
Hamiltonian function //^ : X — > R such that 

Moreover, X is compact and therefore we may assume that 

Jx 

for every ^. Now it follows that f^{n^j^,n^^}uj"' = for all ^1,^2 G ^ and this implies 
that {/^^ij/^^a} — l^[^i,£.2\j ^•^•5 since K is connected /x : X — > 6, /x(a;)(^) := /J'^ix) is K- 
equivariant. Here { , } denotes the Poisson brackets on C°°{X) given by u. □ 



Proof of the Semistability Theorem. Given a smooth K-invariant Kahler form a; on a 
smooth projective G-variety X we already know from Lemma 2 that there is a Kahler 
form Co on X which lies in the R-span of the ample cone of X such that 

(*) (jJ = CJ 

Jc Jc 

on every analytic curve C in X. Since K is assumed to be connected the cohomology class 
of a) is K-invariant. Hence, after integration over the compact group we may assume 
that Q is K invariant and still satisfies (*). 

Now it follows from Lemma 4, the Proposition in sec. 7 and the existence of a moment 
map in the semisimple case that there is a moment map : X — > fi* with respect to a;* 
where = {1 — t)uj + tuj such that the depends continuously on t and such that 
X(//^) = X(//^) for all t e [0, 1]. Here Z denotes the connected component of the center 
of 

Moreover (*) implies 

(**) / a;* = / Lo . 

Jc Jc 

Since the closure of every G-orbit in X has an equivariant algebraic desingularization, it 
follows from the above Corollary than the forms are cohomologous on the closure of every 
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G-orbit. The statement of the theorem now follows from the Proposition in sec. 9 and the 
Proposition in sec. 5. □ 



References 



[A] Atiyah, M. F.: Convexity and commuting Hamiltonians. Bull. London Math. 

Soc. 14, 1-15 (1982) 

[A-L] Azad, H.; Locb, J. J.: Pluri-subharmonic functions and the Kempf-Ness theo- 

rem. Bull. London Math. Soc. 25, 162-168 (1993) 

[Ch] Chevalley, C: Theory of Lie groups, I. Princeton, Princeton University Press, 

1946. 

[D-W] Dolgachev, I.; Hu, Y.: Variation of geometric invariant theory quotients. Pre- 
print (1994) 

[F] Frankel, T. T.: Fixed points and torsions on Kdhler manifolds. Ann. of Math. 

70, 1-8 (1959) 

[G-S] Guillemin,V.; Sternberg, S.: Symplectic techniques in physics. Cambridge 

University Press 1984 

[H] Heinzner, P.: Geometric invariant theory on Stein spaces. Math. Ann. 289, 

631-662 (1991) 

[H-H] Heinzner, P.; Huckleberry, A. T.: Kdhlerian potentials and convexity properties 
of the moment map. Invent, math. 126 , 65-84 (1996) 

[H-H-L] Heinzner, P.; Huckleberry, A. T.; Loose, F.: Kdhlerian extensions of the sym- 
plectic reduction. J. reine und angew. Math. 455, 123-140 (1994) 

[H-M-P] Heinzner, P.; Migliorini, L.; Polito, M.: Semistable quotients. Annali della 
Scuola Normale Superiore di Pisa (1997) (to appear) 

[H-L] Heinzner, P.; Loose, F.: Reductions of complex Hamiltonian G-spaces. Geo- 

metric and Functional Analysis 4, 288-297 (1994) 

[K-N] Kempf, G.; Ness, L.: The length of vectors in representation spaces. In: Lect. 

Notes Math. vol. 732, Springer- Verlag, Berlin Heidelberg New York, 233-243, 
1979 

[K] Kirwan, F.: Cohomology of quotients in symplectic and algebraic geometry. 

Mathematical notes 31, Princeton University Press, Princeton New Jersey, 
1984 

[M] Moishezon, B. G.: On n-dimensional compact complex varieties with n alge- 

braically independent meromorphic functions. Amer. Math. Soc. Transl. (2) 
63, 51-177, (1967) 

[M-F-K] Mumford, D.; Fogarty, J.; Kirwan, F.: Geometric Invariant Theory. Lecture 
Notes in Math. Springer 3rd ed. Ergeb.Math. Berlin Heidelberg New York 
1994 



18 



Ness, L.: A stratification of the null cone via the moment map. Amer. 
Math. 106, 1326-1329 (1983) 

Sjamaar, R.: Holomorphic slices, symplectic reduction and multiplicities 
representations. Ann. of Math. 141, 87-129 (1995) 

Thaddeus, M.: Geometric invariant theory and flips. Preprint (1994) 

Peter Heinzner 
Brandeis University 
Waltham MA 02254-9110 
USA 

e-mail : heinzner @max . mat h. brandeis . edu 
Liica Mighorini 

Dipartimento di Matematica Apphcata "G.Sansone" 
via S. Marta 3 
1-50139 Firenze 
Italy- 
e-mail: lucap@ingfil.ing.unifi.it 



19 



